INTRODUCTION
In the 1980s, M. Hochster and C. Huneke introduced the theory of tight closure. Since then, it has proved to be a very important notion, helping to prove theorems in a variety of areas of commutative algebra and algebraic geometry. One of the major unanswered questions about tight closure is the localization problem. Specifically, it is unknown whether or not tight w x closure commutes with localization. In 7 , M. Hochster and C. Huneke show that this question is closely related to whether for excellent local rings tight closure commutes with completion. In this paper we provide examples of nonexcellent local domains which show that tight closure and completion do not commute in general. Although the notion of tight closure is defined for a wide class of Noetherian rings, these examples seem to suggest that the theory is most powerful when applied to the class of excellent rings. In Section 2 we discuss some general facts about tight closure and completion. Our first result exploits the fact that a Noetherian domain is normal if and only if every principal ideal is tightly closed. Then we define for an ideal I : R and an element x g R of a reduced local ring R of characteristic p ) 0 the ideal of all multipliers. This ideal is basically the set M of all c g R with cx q g I w q x for all large q s p e . We prove in I, x ww xx Proposition 3 that for a power series ring R s A t over a reduced local Ž . ring A, m the multiplier ideal is either M s R or M : m R. I, x I , x w x For the construction of our examples, we apply the method of 3 . w x Section 3 is a summary of the facts from 3 which are needed for the construction.
In Section 4 we construct a local normal Noetherian domain A and âŽ . principal prime ideal P : A so that P*A / PA *. Section 5 is devoted to the example of a complete local normal Gorenstein ring which is not F-regular but is the completion of an F-regular domain. w x w x By applying the construction methods of 9 and 10 we generalize the examples. We show that certain classes of complete local Gorenstein rings which are not F-regular are the completion of local Noetherian F-regular domains.
w x w x The books 2 and 8 are good references for definitions of and the w x background on tight closure. We refer to Matsumura's book 11 as a general reference on our terminology. We note here that if A is a ring of characteristic p ) 0 and I is an ideal of A, then we will use the standard notation I* to denote the tight closure of I.
TIGHT CLOSURE AND COMPLETION
Throughout this section all rings are Noetherian and contain a field of characteristic p ) 0. We provide some results on tight closure and completion which are necessary for the construction of the examples. We start with a well-known result on normal domains and tight closure: w x LEMMA 1 8, Example 1.6.
. Let A be a Noetherian domain of characteristic p ) 0. A is normal if and only if e¨ery principal ideal of A is tightly closed.
The construction of our first example is based on Lemma 1 and on the following observation: with coefficients a g A, and write
where b g A. Suppose that d g M , where
where c g A. By the definition of M there is an integer e g ‫ގ‬ such j I , x 0 e e 0 q Ž. that for all q s p G q s p , we have that dx g f , . . . , f . Assume 0 1 n ww xx ww xx that d f m A t . We want to show that this implies M s A t .
I, x
Let k g ‫ގ‬ be minimal with c f m; that is, c is a unit in A. We may
ww xx for some power series r g A t . We can write all of the power series i involved as a finite sum of power series in t j where all of the exponents j are congruent modulo q, that is,
where d g A and the c s were defined previously. Since we obtain that
By comparing the terms with exponents in the same congruence class we see that
For s s k the power series Ý c t j has as a leading term c t
ww xx Therefore Ý c t can be written as ␦ t , where ␦ is a unit in A t .
This shows that that these rings are excellent. In this case the test ideal is related to the ww xx w x ideal which defines the non-singular locus of A t or A t , respec-
tively. Proposition 3 and Corollary 4 seem to indicate that the multiplier ideals do not change significantly under power series or polynomial extensions. It would be interesting to know the exact relationship between these Ž . multiplier ideals and the test ideal in the case of excellent rings . To construct an F-regular ring whose completion fails to be F-regular we need the description of the multiplier ideal of Proposition 3. A consideration of the test ideal would not suffice, because for an ideal I and an element x the multiplier ideal could be larger than the test ideal, even if x f I.
SETTING AND NOTATION
The construction of our examples is based on the method described in w x 3 . Let k be a field of characteristic p ) 0 and let x, y , . . . , y be Ž .
For all n g ‫ގ‬ we define the so-called endpieces of by
For all n g ‫ގ‬ we have a relation
where r g R. Using this, we define a chain of subrings of the power series n ring:
ww xx There are two rings inside the power series ring k x, y , . . . , y which Ž .Ž .
It is clear that C and B are quasi-local domains. In 3 there is given a criterion when C s B and when C is Noetherian. This criterion involves the canonical embedding Ž .
is flat.
Ž . b C is Noetherian and C s B.ˆM oreo¨er, if these conditions are satisfied, C s R, and the ring C is a
x w x localization of the polynomial ring R . This construction produces regular local rings C in which is a prime element. We are interested in examples which show that tight closure does not behave well under completion, so the desired examples will be the Ž . rings A s Cr .
EXAMPLE 1
Ž . Our first example is a normal in fact, our example will be factorial analytically irreducible domain A with completion A and a height onêˆp rime ideal P : A such that the localization A is not regular. Moreover, P Ž . Ž . Ž . P l A s P s w / 0 . By Lemma 1 and Proposition 2 a power of w iŝ tightly closed in A, but its extension to A fails to be tightly closed.
We use the method described in Section 3 and assume that k is a field ww xx of characteristic p ) 0. We choose two elements , g xk x which are 1 2 Ž . algebraically independent over k x , say
where a g k. Set
. and denote by m s x, y, z, w R the maximal ideal of R. Let be the element 3 2 s w y q y z q .
Ž
. Ž . 1 2 Note that is irreducible and homogeneous in the polynomial ring w x k x, y q , z q , w , and therefore is irreducible in the completion:
The endpieces of are given for all n g ‫ގ‬ by 3 n n
To make our construction work, we apply the criterion of Theorem 5 and obtain w x w x CLAIM. The embedding : R ª R , is flat. 1 2 Proof. Observe that corresponds to a finitely generated extension of R-algebras:
The coefficients of f s s y w y q t y z q t s s y w y q w t
3 . y z y 3 z t y 3 zt y t as a polynomial in t , t generate the whole This implies that the intersection ring
is Noetherian, and that this ring can be written as a nested union of Ž . localized polynomial rings in one variable over R: We have left to show that A is a normal domain. Since A is a Cohen᎐Macaulay ring we only need to show that A satisfies R . Since w is this writeˆw
We can consider A as the completion of the excellent ring Ž . 1 2 Obviously, the ring D is isomorphic to a localization of the polynomial wŵ x ring k x, z q , w . It follows that A is regular. Hence, A is a normal rŽ . So, by Proposition 2 we know that for some r g ‫ގ‬ the ideal w A is not Finally, we mention that A is a factorial domain. This can easily be seen by using the fact that C can be written as a direct limit of polynomial extensions of R:
It follows that A is a direct limit:
Using this representation of A as a direct limit, we see that the localization A is factorial. Since w is a prime element of A, the ring A is w factorial.
EXAMPLE 2
In this section, we construct an F-regular local Noetherian Gorenstein ring A whose completion A is not F-regular. A local Noetherian ring A is called weakly F-regular if all ideals of A are tightly closed. A is called F-regular if all ideals of any localization of A are tightly closed. Every weakly F-regular Gorenstein ring is F-regular. We will use the following theorem on Gorenstein rings and tight closure: w x THEOREM 6 8, Theorem 1.
. Let A be a local Gorenstein ring. A is weakly F-regular if and only if an ideal generated by a system of parameters is tightly closed.
To construct a local Gorenstein ring A which is F-regular, but its completion is not F-regular, we start with a field k of characteristic p ) 0, Ž . where p is a prime with p ' 1 mod 3 . We first need some observations about binomial coefficients:
Ž . 
Proof. Suppose that
Ž . be 3 power series which are algebraically independent over the field k x . We define 3 
we have that s x q r , where r g R. More importantly, there is a n n q1 n n chain of subrings Proof. Since A is Gorenstein, by Theorem 6 it is enough to show that one ideal generated by a parameter system of A is tightly closed. Obviously, x, y, z is a parameter system of A, and we want to show that the Ž . ideal I s x, y, z is tightly closed in A. To prove this it is enough to show that the generator of the socle of ArI is not in I*rI. Ž. Suppose that for a fixed q s p we have that t g x , y , z , : B. Then there is an integer n ) q such that this inclusion holds inside of B .
Since k x, y, z, t, is Cohen᎐Macaulay and x , y , z , is a regular n 2 q Ž. q z c q r d for some polynomials a, b, c, d g k x, y, z, . x s 0, we see that t s y bЈ q z cЈ q t y y y z dЈ, where bЈ, cЈ, dЈ w x g k y, z, t . By Proposition 8 this is impossible.
It follows that the ideal I is tightly closed in A and so A is F-regular.
Note that in the second example both rings A and A are normal. ThêŽ . singular locus of A is defined by the ideal t q , y q , z q A,
Ž . which intersects A in 0 . This guarantees that no test element of A is extended from A.
A GENERALIZATION OF EXAMPLE 1
w x The construction methods of 4, 9, 10 allow some generalizations. In Example 1 we have constructed a local Noetherian normal domain A and a tightly closed height one prime ideal I : A such that the extended ideal w x IA is not tightly closed. In fact, using Proposition 2 and results from 4, 9 , we will prove a more general result. In this section and the next, when we say that a ring is local, Noetherian is implied. When we say that a ring is quasi-local, we mean that it has exactly one maximal ideal, but it is not necessarily Noetherian. We first take the following definition and two w x lemmas from 4 .
Ž
. Ž . DEFINITION. Let T, M be a complete local ring and let R, M l R be a quasi-local unique factorization domain contained in T satisfying 
. Let T be a complete local ring with maximal ideal M, let C be a countable set of primes in SpecT such that M f C, and let D be a countable set of elements of T. If I is an ideal of T which is contained
x Ž . LEMMA 11 4, Lemma 3 . Let T, M be a local ring. Let C ; SpecT, let I be an ideal such that I o P for e¨ery P g C, and let D be a subset of T. 
Ž .
Suppose q : P for some P g C. Then, depthT s 1. Since T satisfies P Ž . Serre's condition S , it follows that ht P s 1. Hence, q s P, a contradic-2 tion. So, we have that q o P for all P g C. Note that we can also use this argument to show that M f C. Now, let P g C. We define the set D ; T to be a full set of coset representatives of the cosets t q P g TrP
Ž . Now, if R is countable, the algebraic closure of Rr R l P in TrP is countable, and so D is countable. If R is not countable, the algebraic Ž . < < < < closure of Rr R l P in TrP has cardinality at most R -TrM . It < < < < follows that if R is not countable, we have D -TrM . We now use Lemma 10 if R is countable and Lemma 11 if not to find a nonzero element t g q with
w x w x Let S be R t localized at R t l M. Noting that t q P is transcenden-Ž . w x tal over Rr R l P for all P g C, we use Lemma 11 from 9 to see that S Ž . < < Ž < <. is an N-subring. Clearly, S l q / 0 and S F sup / , R . roof. Use Theorem 13 with q s P to find a unique factorization Ž . domain A such that the completion of A is T and such that A l P / 0 . The result now follows from Proposition 2.
A GENERALIZATION OF EXAMPLE 2
In light of Example 2, it is natural to ask which complete local rings are the completions of F-regular rings. We now work toward a theorem that will provide us with a class of such rings. We first show that given a complete local domain T, a nonmaximal prime ideal p of T, and an element y of T which is in the maximal ideal of T but not in p, therê exists a local domain A such that A s T, yt g A for some unit t of T and Ž . A l p s 0 . We will need this result to prove the theorem that provides us with a class of complete local domains that are not F-regular, but which can be realized as the completion of an F-regular domain. We begin with a w x proposition from 5 . It will be used to show that our constructed ring A has the desired completion.
subring of a complete local ring T, M , the map R ª TrM is onto and IT l R s I for e¨ery finitely generated ideal I of R, then R is Noetherian and the natural homomorphism R ª T is an isomorphism.
Given a complete local ring T, we will build a chain of subrings of T. The union of this chain will be our ring A. So, we will construct A to satisfy Proposition 15. At the same time, we want to make sure that no ring in our chain contains a nonzero element of p. Then A will not contain a nonzero element of p. In the following definition, taken from w x 10 , we specify exactly the properties we want each ring in our chain to have.
Ž
. Ž . DEFINITION. Let T, M be a complete local ring and let R, R l M be a quasi-local subring. Let p / M be a prime ideal of T. Suppose Ž . iii R l Q s 0 for every Q g Ass T.
Then we call R a p-subring of T.
Ž .
Condition i will be used to ensure that we can find an appropriate unit Ž . t so that yt g A and at the same time guarantee that A l p s 0 . We note here that for most of our results we assume T is a domain. In that Ž . case, iii is trivial.
We now prove a lemma that will help us to find the desired unit t.
LEMMA 16. Let T be a complete local ring with maximal ideal M, let C be a countable set of primes in SpecT such that M f C, and let D be a countable set of elements of T. Let y g M such that y f P for all P g C. Then, there exists a unit t of T such that
Proof. Since C and D are countable, so is C = D. Well-order C = D Ä 4 ϱ using the positive integers. We will recursively define a set of units u n ns0 Ž . of T and an increasing function q n from the nonnegative integers to the nonnegative integers to satisfy conditions we will specify later.
Ž . Ž . First, let u s 1 and q 0 s 1. Let Q, a be the first element of C = D. Ž . Now, we describe our method to define u and q n such that when n Ž . n G 1, and P, r is the nth element of C = D, we have
qŽ n.
ii yu f P q r q M . other hand, if yu g P q r, let u s u q y qŽ ny1. . In either case, we
Ž . have that u is a unit and u y u g M , so condition i is n n n y1
satisfied. Now, we claim yu f P q r. Suppose on the contrary that n yu g P q r. Then it must be that yu g P q r by the way we defined g P, a contradiction. This proves our claim that yu f P q r. Hence, n there is a natural number N such that yu f P q r q M N . We choose n Ž . Ž Ž . . Ž . q n s max q n y 1 q 1, N . Hence, condition ii is satisfied. Note that, by induction, yu f P q r q M qŽ n. for all m G n. Since u y u g m n n y1 qŽ ny1.
where q is an increasing function, we have that u is Cauchy.
n ns0
Let t be its limit. Then, t is a unit, and, by construction,
The following lemma is the analogous result when our sets C and D are w x not countable. It is a simplified version of Lemma 4 from 9 . w x Ž . < < LEMMA 17 9, Lemma 4 . Suppose T, M is a local ring with TrM infinite. Let C ; SpecT, y g T such that y f P for e¨ery P g C. Let D be a
We now prove a lemma that will allow us to adjoin the element yt to a p-subring and still maintain the properties of p-subrings. 
Ä 4
Proof. Let C s p . Define D to be a full set of coset representatives of Trp that are algebraic over R. Now, use Lemma 16 if R is countable Ä < and Lemma 17 if not to find a unit t in T such that yt f D P q r P g C, 4 w x r g D . Now, define S s R yt . All conditions are clear except
a yt q иии qa yt q a g p. By the way t was chosen, ty q p g Trp is
Ž . 0, 1, 2, . . . n. Hence f yt s 0, and so S l p s 0 .
In light of Proposition 15, we want to make sure that there is an element of every u q M 2 g TrM 2 in our ring A. The following lemma will allow us to do that. 
It is now easy to w x verify that S s R u q z is the desired p-subring.
We now state a lemma that will help us construct A such that the map 2 w x A ª TrM is onto. The following lemma is Lemma 6 from 10 , and that is where the proof can be found. DEFINITION. Let ⍀ be a well-ordered set and let ␣ g ⍀. We define Ž .
M be a complete local domain and let p be a nonmaximal prime ideal of T. Let R be a p-subring of T and let u g T. Then there exists an infinite p-subring S of T such that
ii u is in the image of the map S ª TrM , and
Ž .
iii for e¨ery finitely generated ideal I of S, we ha¨e IT l S s I.
We note here that the proof is based heavily on the proof of Lemma 11 w x in 10 ; only minor adjustments are necessary. 
p-subring.
We repeat the process to obtain a p-subring extension R of R such 2 1 that IT l R ; IR for every finitely generated ideal I of R . Continue to 1 2 1 obtain an ascending chain R ; R ; иии such that IT l R ; IR for Ž . so condition iii holds.
We are now ready to construct the desired ring A. The idea is to construct a chain of p-subrings of T. The A we construct will be the union of this chain. The first ring in our chain will contain yt for some unit t g T. So, certainly A will contain this element. Proposition 15 tells us that we must make sure A contains at least one element of all of the cosets that make up the ring TrM 2 . So, for each new R we construct in our chain, we will adjoin an element of a specific coset u q M 2 . In addition, we will construct each R to be a p-subring and so that for every finitely generated ideal I of R, we have IT l R s I. This will be enough to Ž . guarantee that A l p s 0 and that IT l A s I for every finitely generated ideal I of A. Then, by Proposition 15, we have our desired completion. all finitely generated ideals I of R , A also satisfies this property. By ␣ construction, the map A ª TrM 2 is onto. So, by Proposition 15, the completion of A is T and the theorem holds.
We are now in a position to prove the main theorem of this section. Theorem 23 provides a class of complete local domains that are not
